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Abstract

This article is concerned with establishing the structure of the unit group of certain group alge-
bras. In particular, we establish the structure of the unit group of the group algebraF2k (Cn×D8)
for n ≥ 1.
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1 Introduction

LetKG denote the group algebra of the groupG over the fieldK. The set of all the invertible el-
ements of a ring S form a group called the unit group of S, denoted by U(S). The homomorphism
ε : KG −→ K given by

ε

∑
g∈G

agg

 =
∑
g∈G

ag,

is called the augmentation mapping of FG.

The normalized unit group of FG denoted by V (KG) consists of all the invertible elements of
KG of augmentation 1. It is a well known fact that U(KG) ∼= U(K)× V (KG).

It is well known that |V (KG)| = |K||G|−1 where G is a finite p-group and K is a field of
characteristic p. Sandling in [11], provides a basis for V (FpG) where G is an abelian p-group and
Fp is the Galois field of p-elements. Let D8 be the dihedral group of order 8. The structures of
U(F2D8), U(F2kD8) and U(F2k(C2 × D8)) are established in [12, 7, 8] respectively. The structure
of U(F2kD2n) is established in [9] when n is odd. For an overview of modular group algebras,
consult [2].

The map ∗ : KG −→ KG defined by,∑
g∈G

agg

∗ = ∑
g∈G

agg
−1,

is an antiautomorphism of of KG of order 2. An element v of V (KG) satisfying v−1 = v∗ is
called unitary. We denote by V∗(KG) the subgroup of V (KG) formed by the unitary elements of
KG. In [4] a basis for V∗(KG) is constructed for any field of characteristic p > 2 and any finite
abelian p-group. The structure of V∗(F2G) is established in [3] for all groups of order 8 and 16
and the structure of V∗(F2Q8) is established in [6] where Q8 is the quaternion group of order 8.
Additionally, the order of V∗(F2kG) is determined for special cases of G in [5]. The structures
of V∗(F2kG) when G = M16 and G = D2n are established in [1] and [10] respectively where
M16 = 〈x, y |x8 = y2 = 1, xy = yx5〉 and D2n is the dihedral group of order 2n. Our main result
is:

Theorem 1.1.

U(F2k(Cn ×D8)) ∼=

[(Cnk
2 × Cnk

4 )o (Cnk
2 × Cnk

4 )]o U(F2k(C2 × Cn)) when n is odd,

[(C2nk
2 × C

nk
2

4 )o (C2nk
2 × C

nk
2

4 )]o U(F2k(C2 × Cn)) when n is even.

2 The Structure of U(F2k(Cn ×D8))

Let G = Cn × D8 = 〈x, y, z |x4 = y2 = zn = 1, xy = x−1, xz = zx, yz = zy〉 where n ≥ 1.
The natural group homomorphism G −→ G/〈x〉 extends linearly to the algebra homomorphism
θ : F2k(Cn ×D8) −→ F2k(C2 × Cn),
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where
4∑

i=1

xi−1(αi + αi+4z + · · ·+ αi+4nz
n−1 + αi+4n+4y + αi+4n+8yz + · · ·+ αi+8nyz

n−1) 7→

4∑
i=1

(αi + αi+4b+ · · ·+ αi+4nb
n−1 + αi+4n+4a+ αi+4n+8ab+ · · ·+ αi+8nab

n−1),

and C2 × Cn = 〈a, b | a2 = bn−1 = 1, ab = ba〉. If we restrict θ to U(F2k(Cn × D8)), we can
construct the group epimorphism θ′ : U(F2k(Cn×D8)) −→ U(F2k(C2×Cn)). Consider the group
homomorphism ψ : U(F2k(C2 × Cn)) −→ U(F2k(Cn ×D8)) by,

γ1+γ2b+ · · ·+ γnb
n−1 + δ1a+ δ2ab+ · · ·+ δnab

n−1 7→
γ1 + γ2z + · · ·+ γnz

n−1 + δ1y + δ2yz + · · ·+ δnyz
n−1,

where γi, δj ∈ F2k . Clearly, θ′◦ψ is the identitymapofU(F2k(C2×Cn)). Therefore,U(F2k(Cn×D8))
is a split extension of U(F2k(C2 × Cn)) by ker(θ′) and U(F2k(Cn ×D8)) ∼= H o U(F2k(C2 × Cn))
where H ∼= ker(θ′).

Lemma 2.1. H has exponent 4.

Proof. Let h = 1 +

n∑
j=1

Aj +

n∑
k=1

Bky ∈ H where

Aj =

3∑
i=1

γi+3(j−1)z
j−1(1 + xi) and Bk =

3∑
i=1

γi+3(k+n−1)z
k−1(1 + xi),

and γj ∈ F2k . Then,

h2 = 1 +

n∑
j=1

n∑
k=1

AjAk +

n∑
j=1

n∑
k=1

AjBky +

n∑
j=1

n∑
k=1

BjyAk +

n∑
j=1

n∑
k=1

BjyBky

= 1 +

n∑
j=1

n∑
k=1

(AjAk +BjB
′
k) +

n∑
j=1

n∑
k=1

(AjBk +BjA
′
k) y,

where yAk = A′ky and yBk = B′ky. Now,

AjAk =
3∑

i=1

γi+3(j−1)z
j−1(1 + xi)

3∑
i=1

γi+3(k−1)z
k−1(1 + xi)

= zj+k−2(γ3j−2γ3k−2 + γ3jγ3k)(1 + x2) + (γ3j−2γ3k−1 + γ3j−1γ3k−2

+ γ3j−1γ3k + γ3jγ3k−1)x̂+ (γ3j−2γ3k + γ3jγ3k−2)(x+ x3),

BjB
′
k = BjyBky

=

3∑
i=1

γi+3(j+n−1)z
j−1(1 + xi)

3∑
i=1

γi+3(k+n−1)z
k−1(1 + x4−i)

= zj+k−2(γ3j+3n−2γ3k+3n−2 + γ3j+3nγ3k+3n)(x+ x3) + (γ3j+3n−2γ3k+3n−1

+ γ3j+3n−1γ3k+3n−2 + γ3j+3n−1γ3k+3n + γ3j+3nγ3k+3n−1)x̂

+ (γ3j+3n−2γ3k+3n + γ3j+3nγ3k+3n−2)(1 + x2),
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and

AjBk +BjA
′
k =

3∑
i=1

γi+3(j−1)z
j−1(1 + xi)

3∑
i=1

γi+3(k+n−1)z
k−1(1 + xi)

+

3∑
i=1

γi+3(j+n−1)z
j−1(1 + xi)

3∑
i=1

γi+3(k−1)z
k−1(1 + x4−i)

= (γ3j−2γ3k+3n−2 + γ3jγ3k+3n + γ3j+3n−2γ3k + γ3j+3nγ3k−2)(1 + x2)

+ (γ3j−2γ3k+3n + γ3jγ3k+3n−2 + γ3j+3n−2γ3k−2 + γ3j+3nγ3k)(x+ x3)

+ (γ3j−2γ3k+3n−1 + γ3j−1γ3k+3n−2 + γ3j−1γ3k+3n + γ3jγ3k+3n−1

+ γ3j+3n−2γ3k−1 + γ3j+3n−1γ3k−2 + γ3j+3n−1γ3k + γ3j+3nγ3k−1)x̂.

Therefore, h2 takes the form1 + (1 + x2)
∑n

2
i=1 γiz

2(n−1) + (x+ x3)
∑n

2
i=1 δiz

2(n−1) + x̂y
∑n

i=1 βiz
n−1 if n is even,

1 + (1 + x2)
∑n

i=1 γiz
n−1 + (x+ x3)

∑n
i=1 δiz

n−1 + x̂y
∑n

i=1 βiz
n−1 if n is odd,

where γi, δj , βk ∈ F2k . First, let n be even. Clearly, x̂y = yx̂, (1 + x2)x̂y = x̂y(1 + x2) and
(x+ x3)x̂y = x̂y(x+ x3), therefore,

h4 = 1 +

(1 + x2)

n
2∑

i=1

γiz
2(n−1)

2

+

(x+ x3)

n
2∑

i=1

δiz
2(n−1)

2

+

[
x̂y

n∑
i=1

βiz
n−1

]2

= 1 +
[
(1 + x2)

]2  n
2∑

i=1

γiz
2(n−1)

2

+
[
(x+ x3)

]2  n
2∑

i=1

δiz
2(n−1)

2

+ [x̂y]
2

[
n∑

i=1

βiz
n−1

]2
.

Additionally, (1 + x2)2 = 1 + x4 = 0, (x + x3)2 = x2 + x6 = 0 and (x̂y)2 = (x̂)2y2 = 0. Thus,
h4 = 1. Similarly h4 = 1when n is odd.

Lemma 2.2. Let S be the subgroup of H where the elements of H that take the form:

1 +

n∑
j=1

Aj(1 + y),

where Aj =

3∑
i=1

γi+3(j−1)z
j−1(1 + xi) and γi ∈ F2k . Then,

S ∼=

{
Cnk

2 × Cnk
4 if n is odd,

C2nk
2 × C

nk
2

4 if n is even.

Proof. Let s1 = 1 +

n∑
j=1

Aj(1 + y) ∈ S and s2 = 1 +

n∑
k=1

Bk(1 + y) ∈ S,

where Aj =

3∑
i=1

γi+3(j−1)z
j−1(1 + xi), Bk =

3∑
i=1

δi+3(k−1)z
k−1(1 + xi) and γi, δj ∈ F2k .
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Then,

s1s2 = 1 +

n∑
j=1

(Aj +Bj)(1 + y) +

n∑
j=1

n∑
k=1

Aj(1 + y)Bk(1 + y).

Now,

Aj(1 + y)Bk(1 + y) = (Aj +Ajy) (Bk +Bky)

= AjBk +AjBky +AjyBk +AjyBky

= AjBk +AjBky +AjB
′
ky +AjB

′
k

= (AjBk +AjB
′
k)(1 + y)

= Aj(Bk +B′k)(1 + y),

where yBk = B′ky and

Bk +B′k =

3∑
i=1

δi+3(k−1)z
k−1(1 + xi) +

3∑
i=1

δi+3(k−1)z
k−1(1 + x4−i)

=

3∑
i=1

δi+3(k−1)z
k−1xi +

3∑
i=1

δi+3(k−1)z
k−1x4−i

= (δ3k−2 + δ3k)(x+ x3)zk−1.

Therefore,

Aj(1 + y)Bk(1 + y) =

3∑
i=1

γi+3(j−1)z
j−1(1 + xi)(δ3k−2 + δ3k)(x+ x3)zk−1(1 + y)

= (δ3k−2 + δ3k)

3∑
i=1

γi+3(j−1)(1 + xi)(x+ x3)zj+k−2(1 + y)

= (δ3k−2 + δ3k)(a3j−2 + a3j)x̂z
j+k−2(1 + y)

= (γ3j−2 + γ3j)(δ3k−2 + δ3k)z
j+k−2x̂(1 + y).

It follows that S is closed. Clearly Aj(1 + y)Bk(1 + y) = Bk(1 + y)Aj(1 + y) for all j, k ∈

{1, 2, . . . , n}, therefore S is abelian. It remains to construct the structure of S. Let s = 1 +

3∑
i=1

(γi+

γi+3z + γi+6z
2 + · · ·+ γi+3(n−1)z

n−1)(1 + xi)(1 + y) ∈ S where γi ∈ F2k . When n is odd,

s2 = 1 +

n∑
i=1

(γ3i−2 + γ3i)
2z2(i−1)x̂(1 + y).

Therefore, s2 = 1 iff γ3i−2 = γ3i for 1 ≤ i ≤ n. Clearly the number of elements of S of order 2 or
1 is equal to 22nk and the number of elements of S of order 4 is equal to 23nk−22nk = 22nk(2nk−1).
On the other hand, S ∼= Cl

2 ×Cm
4 for some l andm. The number of elements of Cl

2 ×Cm
4 of order

2 or 1 is equal to 2l · 2m = 2l+m. Additionally, the number of elements of order 4 in Cl
2 × Cm

4 is
equal to 2l · 4m − 2l+m = 2l+m(2m − 1). Clearlym = l = nk.

307



J. Gildea and S. O’Malley Malaysian J. Math. Sci. 15(2): 303-312 (2021) 303 - 312

When n is even,

s2 = 1 +

n
2∑

i=1

δiz
2(i−1)x̂(1 + y),

where δj =
(
γ(3j−2) + γ(3j) + γ(3j−2+ 3n

2 )
+ γ(3j+ 3n

2 )

)2
. The number of elements of S of order 2

or 1 is equal to
(
25k
)n

2 = 2
5nk
2 and the number of elements of S of order 4 is equal to 23nk−2

5nk
2 =

2
5nk
2

(
2

nk
2 − 1

)
. Therefore,m =

nk

2
and l = 2nk.

Lemma 2.3. Let N be the normal subgroup of H where the elements of H that take the form:

1 +

n∑
i=1

zi−1
(
αi(x+ x3) +

[
(βi + γi)(1 + x3) + γix̂

]
y
)
,

where γi, βj , γk ∈ F2k . Then,

N ∼=

{
Cnk

2 × Cnk
4 if n is odd,

C2nk
2 × C

nk
2

4 if n is even.

Proof. Let n1 = 1 +

n∑
i=1

Ci ∈ N and n2 = 1 +

n∑
i=1

Di ∈ N , where

Ci = zi−1
(
αi(x+ x3) +

[
(βi + γi)(1 + x3) + γix̂

]
y
)
,

Dj = zj−1
(
δj(x+ x3) +

[
(µj + νj)(1 + x3) + νj x̂

]
y
)
,

and γi, βj , γk, δr, µs, νt ∈ F2k . Then,

n1n2 = 1 +

n∑
i=1

(Ci +Di) +

n∑
j=1

n∑
k=1

CjDk.

Now,

CjDk = zj+k−2 [
(
αj(x+ x3) +

[
(βj + γj)(1 + x3) + γj x̂

]
y
)
×(

δk(x+ x3) +
[
(µk + νk)(1 + x3) + νkx̂

]
y
)
]

= zj+k−2 [ αjδk(x+ x3)2 + αj(x+ x3)
[
(µk + νk)(1 + x3) + νkx̂

]
y

+ δk(1 + x2)
[
(βj + γj)(1 + x3) + γj x̂

]
y + (βj + γj)(µk + νk)(1 + x3)(1 + x)

+ (βj + γj)νk(1 + x3)x̂+ γj(µk + νk)(1 + x)x̂+ γjνk(x̂)
2 ]

= zj+k−2 [ αj(µk + νk)(x+ x3)(1 + x3)y + δk(βj + γj)(1 + x2)(1 + x3)y

+ (βj + γj)(µk + νk)(x+ x3) ]

= zj+k−2 [ (βj + γj)(µk + νk)(x+ x3) + (αj(µk + νk) + δk(βj + γj))x̂y ] .

Clearly, N is closed and CjDk = DkCj for all j, k ∈ {1, 2, . . . , n}.
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Let n = 1 +

n∑
i=1

Ci ∈ N where

Ci = zi−1
(
αi(x+ x3) +

[
(βi + γi)(1 + x3) + γix̂

]
y
)
,

and γi, βj , γk ∈ F2k . Then,

n2 =

{
1 +

∑n
i=1(βi + γi)

2(x+ x3)zi−1 if n is odd,
1 +

∑n
2
i=1(βi + γi + βi+n

2
+ γi+n

2
)2(x+ x3)z2(i−1) if n is even.

Clearly, for all i ∈ {1, 2, . . . , n}, n2 = 1 if and only if βi = γi when n is odd and βi + γi + βi+n
2
+

γi+n
2
= 0when n is even.

Therefore,

N ∼=

{
Cnk

2 × Cnk
4 if n is odd,

C2nk
2 × C

nk
2

4 if n is even.

It remains to prove that N is normal. Let n be odd, s = 1 +

n∑
j=1

Aj(1 + y)where

Aj =

3∑
i=1

δi+3(j−1)z
j−1(1 + xi) and γi ∈ F2k and n = 1 +

n∑
k=1

Ck ∈ N where

Ck = zk−1
(
αk(x+ x3) +

[
(βk + γk)(1 + x3) + γkx̂

]
y
)
,

and γi, δj , βk, δl ∈ F2k . Then,

ns = s−1ns

= s3ns

=

1 +

n∑
j=1

(Aj + Fj x̂)(1 + y)

(1 + n∑
k=1

Ck

)(
1 +

n∑
l=1

Al(1 + y)

)
,

where Fj = λjz
j−1, λ1 = (δ1 + δ3)

2, λj = (δ3n−2−3(j−2) + δ3n−3(j−2))
2 where j ∈ {2, 3, . . . , n}.

Now,

ns = 1 +

n∑
j=1

(Aj + Fj x̂)(1 + y) +

n∑
k=1

Ck +

n∑
l=1

Al(1 + y) +

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck

+

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
l=1

Al(1 + y) +

n∑
k=1

Ck

n∑
l=1

Al(1 + y)

+

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck

n∑
l=1

Al(1 + y).
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Now,

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck

n∑
l=1

Al(1 + y) =

n∑
j=1

Aj(1 + y)

n∑
k=1

Ck

n∑
l=1

Al(1 + y),

and

Aj(1 + y)CkAl(1 + y) =

3∑
i=1

δi+3(j−1)z
j−1(1 + xi)(1 + y)zk−1

(
αk(x+ x3)

+
[
(βk + γk)(1 + x3) + γkx̂

]
y
)
×

3∑
i=1

δi+3(l−1)z
l−1(1 + xi)(1 + y)

=

3∑
i=1

δi+3(j−1)z
j−1(1 + xi)(1 + y)zk−1

(
(βk + γk)(1 + x3)y

)
×

3∑
i=1

δi+3(l−1)z
l−1(1 + xi)(1 + y)

= (βk + γk)z
j+k+l−3 (δ3j−2(1 + x2)(1 + xy) + δ3j−1x̂(1 + y)

+δ3j(1 + x2)(x+ y)
)
×

3∑
i=1

δi+3(l−1)(1 + xi)(1 + y)

= (βk + γk)z
j+l−2 (δ3j−2(1 + x2)(1 + xy) + δ3j(1 + x2)(x+ y)

)
×

3∑
i=1

δi+3(l−1)(1 + xi)(1 + y)

= 0.

Since (1+xy)(1+x) = (1+x)(1+y), (1+x2) commuteswith (1+xy), (1+x2)(1+xy)(1+x3) = x̂(1+
y), (x+y)(1+x) = (1+x2)(1+y), (1+x2) commuteswith(x+y) and (x+y)(1+x3) = (1+x)(1+y),
therefore,

ns = 1 +

n∑
j=1

Fj x̂(1 + y) +

n∑
k=1

Ck +

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck

+

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
l=1

Al(1 + y) +

n∑
k=1

Ck

n∑
l=1

Al(1 + y)

= 1 +

n∑
j=1

Fj x̂(1 + y) +

n∑
k=1

Ck +

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck

+

n∑
j=1

Aj(1 + y)

n∑
l=1

Al(1 + y) +

n∑
k=1

Ck

n∑
l=1

Al(1 + y)

= 1 +

n∑
k=1

Ck +

n∑
j=1

(Aj + Fj x̂)(1 + y)

n∑
k=1

Ck +

n∑
k=1

Ck

n∑
l=1

Al(1 + y)

= 1 +

n∑
k=1

Ck +

n∑
j=1

Aj(1 + y)

n∑
k=1

Ck +

n∑
k=1

Ck

n∑
l=1

Al(1 + y).
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Now, (x+ x3) commutes with (1 + y), Aj(1 + y)x̂y = x̂yAj(1 + y) = 0. Thus,

Aj(1 + y)Ck + CkAj(1 + y) = (βk + γk)z
j+l−2

(
3∑

i=1

δi+3(j−1)(1 + xi)(1 + y)(1 + x3)y

+(1 + x3)y

3∑
i=1

δi+3(j−1)z
j−1(1 + xi)(1 + y)

)
= (βk + γk)z

j+l−2(δ3j−2 + δ3j)x̂y

= zj+l−2(δ3j−2 + δ3j)(βk + γk)x̂y.

It follows that ns ∈ N . Similarly, ns ∈ N when n is even. Therefore, N is a normal subgroup of
H .

Theorem 2.1.

U(F2k(Cn ×D8)) ∼=

[(Cnk
2 × Cnk

4 )o (Cnk
2 × Cnk

4 )]o U(F2k(C2 × Cn)) when n is odd,

[(C2nk
2 × C

nk
2

4 )o (C2nk
2 × C

nk
2

4 )]o U(F2k(C2 × Cn)) when n is even.

Proof. Clearly, |H| = 26nk, |S| = |N | = 23nk and S ∩ N = {1}. By the second Isomorphism
Theorem, H = NS, therefore, H ∼= N o S. This completes the proof.

3 Conclusions

In this paper, we establish the structure of the unit group of the group algebra F2k(Cn ×D8)
for n ≥ 1. Going forward, one could consider establishing the structure of the unit group of the
group algebra F2kD2n .
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